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3 Sobolev Spaces

Exercise 3.1. Let 2 C R? be an open set. Show that the Sobolev space W™?(2) endowed
with the norm

lullwna@y = D 1D ul ooy

laj<m

is a Banach space.
Exercise 3.2. Let p € [1,00) and k € N. Show that Wy""(R?) = W™r(R?).

Exercise 3.3. Let Q = (—1,1) x (0,1) C R% Define u : Q — R by

[ 1+sin(zy) ifx>0
u(:v,y)—{ e” if x < 0.

Does u belong to WP(2) for any 1 < p < 00 ?

Exercise 3.4. Let p be in [1,00], 2 C R? be an open set and p’ be the conjugate of p,
1 1 /

namely 1 =~ + —. Given f € W'"?(Q) and g € W' (Q), show that fg € W"'(Q2) and
p p

where 0,,(fg), Ox, f, Or,g are the weak derivatives of fg, f, g respectively. Further, deduce
that when f,g € WH2(Q) N L>®(Q2) then fg € WH2(Q) N L>(Q).

Exercise 3.5. Let ) € R? be an open set and u :  — R be a Lipschitz function with
best Lipschitz constant L. Verify that the following extension of u

i(z) = { u(z) r €
inf{u(y) + Lly —z| :y € Q} 2z € R\ Q

is Lipschitz function with constant L on the whole R
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